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Abstract. We solve variationally certain equations of stellar dynamics of the 
form — '}2idiiu{x) = jigt^j,^^)? in a domain Q of R", where ^ is a proper 
linear subspace of R". Existence problems are related to the question of at- 
tainability of the best constant in the following recent inequality of Badiale- 
Tarantello 

< fis r{^) = ini < / IVupdx; u G -ffi o(f^) and / dx = l} 

[Jn ' Jn k(a:)r J 

where < s < 2, 2*(s) = ^^"^2"' ^'^'^ where tt is the orthogonal projection 
on a linear space V, where dim^'P > 2. We investigate this question and how 
it depends on the relative position of the subspace "P-*-, the orthogonal of V, 
with respect to the domain Q as well as on the curvature of the boundary dfl 
at its points of intersection with . 



1. Introduction 

Let $7 be a smooth domain of K", where n > 3, and denote by q{^) the 
completion of C^(17), the set of smooth functions compactly supported in fi, for 



the norm ||u||^2^(s^) ~ y In iVwj^da;. In Jj, Badiale and Tarantello proved that if 
■p is a linear subspace of M" such that 2 < dimRp < n, then there exists C > 
such that for all u e i7f,o(M"), 

dx] <C f \Vu\^dx, (1) 



|7r(a;) 



where here 2* = ^773^1 ^ ^ (0,2) and tt is the orthogonal projection on V with 
respect to the Euclidean structure. Define 



= inf <; G Hf.m \ {0} 

' f ±1^ dx ^ 



(2) 

^ 

and note that ^ and lO give that for all smooth domain C R" , we have 

Ms.p(f^) > /^s.p(K") > 0. (3) 
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In this article, we adress the question of the value of the best constant fis.vi^) 
as well as the issue of its attainability. As we will see, both questions are closely 
related to the relative positions of V-^ and il, and to the geometry of the boundary 
dft on the points of V-^ f) dil. 

The case when s = (i.e., the non-singular case) is the well known Sobolev inequal- 
ity. In this situation the infimum iis/p(fl) — /io,-p(M") is not attained unless Q is 
essentially the whole of M" . 

The case s G (0,2) and dimM.V = n (that is V = M") was tackled in [TTl, [El, 
|13| . It was proved that when £ 9r2, the infimum in Q is then attained as soon 
as the mean curvature of d^l (oriented with outward pointing normal vectors) at 
is negative. The proof of this result required refined asymptotics for blown-up 
solutions of associated second order elliptic equations, the difficult case being when 
these solutions develop a "bubble" located precisely at the point 0. However, the 
bubble inherits the symmetry properties of the problem, and this allowed us to 
show in ,12, that mean curvature conditions -as opposed to sectional curvature- 
suffice to eliminate the possibility of a bubbling-off phenomenon. 

In the present paper, we tackle the case of a larger affine subspace of singularities 
(1 < dimR'P < n — 1) and in particular when V'^ contains at least a line. The 
situation here closely depends on the relative positions of and il, the most 
interesting case being when the subspace does not touch the domain f2 but 
does touch its boundary (i.e., when n il = and n dil ^ 0). A large part 
of the analysis is similar to what we have done in E| for the case of a single 
point of singularity on the boundary of £7. However, a new set of difficulties arise in 
this situation: for one, the centers of the appearing bubbles are not bound to any 
particular location and may appear anywhere on dO,. They do eventually converge 
to a point in n9ri ^ 0, and an important new issue becomes the precise control 
of the distance between the center of the bubble and this limiting point. 

Another new problem related to this setting is the lack of symmetry of the 
bubble. As described by the next proposition, we do show that it enjoys the best 
symmetry possible in the P-direction. Here and in the sequel, A = — da will 
denote the Laplacian with minus sign convention and M" = {a: G R"/ xi < 0}. 

Proposition 1.1. Let tt he the projection on a linear subspace Q o/R" such that 
2 < diniMQ and C dRI. Assume s G (0, 2) and consider u G (R1 ) n (1^) 
such that 

Au = 'f7°!r/ in M" 

M > inWl (4) 

^ It = on dW!:. 

and for some C > 0, 

u{x) <C{l + \x\y-'' for allx eRI. (5) 

Then there exists v G C2(R1 x R x Q-^) nC^ (R_ x R x Q-^) such that for all z G Q-^ , 
and all xi < and y G R" with {xi , y) G Q, we have that u{xi ,y,z) = v{xi , |y | , 2) . 

But this is not sufficient since the behavior of the bubble in the T'-direction and 
the 'P"'"-direction cannot often be related. Overcoming these difficulties, we prove 
the following theorem. In the sequel, Txd^l denotes the linear tangent space of dfl 
at the point x. 
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Theorem 1.1. Let Q be a smooth bounded oriented domain o/M", n > 3, and let 
V be a linear subspace ofW^ such that 2 < dim^V. Assume s e (0,2). 

(A) IfV'^nfl ^ 0, then iis,v{^) = IJ-s.v(^") o,nd the infimum in ^ is not achieved. 

(B) // n r2 = 0. then the infimum in 0) is achieved. 

(C) IfV'^nil — andV'^Ddfl ^ 0, then the infimum in 0) is achieved and the set 
of minimizers is pre-compact in 7J^q(11), provided that at any point x G V'^ H dVl 
the principal curvatures of dVL at x are non-positive, but do not all vanish. 
Moreover, at those points x G V'^ n Sfi where V H Txdfl and V'^ are orthogonal 
with respect to the second fundamental form of dfl at x, it suffices that the mean 
curvature vector of dft D {V^ + (T^dfl)'^) at x be null, while the mean curvature of 
dQ at X is negative. 

The second part in (C) makes connection with the case where V ~ M" (i.e., 
V-^ ~ {0} studied in ^2). Then the negativity of the mean curvature of dfl at that 
point is sufficient for ^s/p(^) to be attained. On the opposite end, one may ask 
what happens in the case dimR'P £ {0, 1}. In the case when V — {0}, inequahty 
Q is clearly irrelevant, however the case dimR?-' — 1 presents some interest, and 
this is the object of the following proposition: 

Proposition 1.2. Let fl be a smooth bounded oriented domain o/R", n>3, and 
let V be a linear subspace o/R" such that dim^V — 1. Assume s £ (0,2). 

(A) IfV^ n 7^ 0, then the infimum in 0j is not achieved. 

(B) If r\Vl — %, then the infimum fig^vi^) *^ 0^ positive and is achieved. 

(C) If n 51 = while fl dVl ^ 0, then ij.s,v{^) > and the infimum is not 



Actually, when dealing with case (C) of Theorem 11.11 and Proposition 11.21 the 
crucial point is to have negative principal curvatures at each point of V'^ Ddfl. But 
the fact that "P^ only touches ft at its boundary means that the principal curvatures 
in the "P-*-— direction are all nonncgative at these points -at least for those where V-^ 
and VnTxdrt are orthogonal for the fundamental form of dft: therefore, for fis.vi^) 
to be achieved, one needs the negativity of the principal curvatures in some of the 
orthogonal directions, which is obviously impossible if V'^ is (n — 1)— dimensional 
and therefore the best constant is never achieved in this case. This means that 
the dimension restriction on the linear subspace in Theorem II. II is optimal. As a 
consequence of the techniques developed for the proof of Theorem ll.il we get the 
following corollary. 

Corollary 1.1. Let ft be a smooth bounded oriented domain o/R" and let tt be the 
orthogonal projection onto a linear vector subspace Q C R" such that 2 < dim^Q. 
We assume that fl = and D dVt ^ 0. Assume s e (0,2) and consider 
a g C^iVl) such that the operator A + a is coercive on Vl. Then there exists a 
solution u e ^^i,o(^) n C'^(n) for 



achieved. 
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provided that at any point x G fl dVl the principal curvatures of dfl at x are 
non-positive, hut do not all vanish. 

Moreover, at those points x G fl where and Q fl T^dil are orthogonal 
with respect to the second fundamental form of dQ at x, it suffices to assume that 
the mean curvature vector of dfl f) (Q^ + (T^dfl)-^) at x is null, while the mean 
curvature of dfl at x is negative. 

Related references for best constant problems in Sobolev inequalities are Druet 
[1], Hebey-Vaugon and Egnell 10 . Concerning asyniptotics for blown- up 

sequences of solutions to elliptic equations, we also refer to Atkinson-Peletier [2], 
Brezis-Peletier 0, Han [HI, Druet Druet-Hebey 0, Druet-Hebey-Robert 
and Schoen-Zhang [22| . 

The rest of the paper is devoted to the proof of these results. As mentioned 
above, a significant part of the analysis was developed in j^J for the case of a 
unique singular point at the boundary, and to which we shall refer frequently. On 
the other hand, we shall give all the details relating to the new difficulties arising 
in this new setting of large set of singularities. The paper is organized as follows. 
In section 1, we deal with points (A) and (B) of theorem 1 1 . II and prove a symmetry 
result. Sections 2 to 5 are devoted to the proof of point (C) of Theorem 11.11 which 
is much more intricate, as it will require the full range of modern techniques for 
blow-up analysis and strong pointwise estimates for minimizers of the subcritical 
functional associated to In section 6, we prove Proposition 11.21 while the 

appendix in section 7 provides a required regularity result for the family of elliptic 
pde's with singularities that we are dealing with in this paper. As a last remark, 
note that all the statements can be straightforwardly adapted to the case when V 
is an affine subspace of M", and not only a linear space. 



2. Partial symmetry of bubbles and Part (A), (B) of Theorem II. II 

We let be a linear subspace of R" with 2 < dmiTsV < n — 1. We shall denote 
by TT the orthogonal projection on V, and 



^ls,vm = inf { , J —] u € Hloi^) \ {0} 

In Mx)\' 



(6) 



Proof of Proposition 1X711 We first prove the partial symmetry property for the 
positive solutions to the limit equation on M" . For that, we consider u G C^(R" ) fl 
C^(IR") that verifies the system (0J while verifying for some C > the bound 
u{x) < ■ We follow the proof of ^21 to which we refer for details. For 

simplicity, up to a change of coordinates, we write any point x G K" as x — (xi , y, z) , 
where (xi,y) G Q = R*-' and z e = R"-'=. Therefore 7t{x) = (cci,?/,0). We let 
ei be the first vector of the canonical basis of R" and consider the open ball 

1 



We define 



D:=B,^,[--e, 



v{x) := \xr-u ( ei + ^ ) (7) 
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for all X £ D \ {0}. We extend w by at 0. This is then weU-defined and v e 
C^{D) n C^(D\ {0}). Moreover, v{x) > for all x e D and v{x) = for all 
X £ dD \ {0}. The fmiction v verifies the equation 

^« = 1 lo^M (8) 

in D. Since w > in _D, it follows from Hopf's Lemma that < on dD \ {0}. 

We prove the symmetry of u by proving a symmetry property of v, which is 
defined on a ball. Our proof uses the moving plane method. We take largely 
inspiration in J^l and We let i € {2, k}. For any /i > and x £ R", we let 

x^ = {xi, ...,2fi - X,, ■■■,Xn) and ^ {x £ D/ x^ £ D}. 

It follows from Hopf's Lemma that there exists eo > such that for any ii £ 
— eoj 5)7 we have that I?^ ^ and v{x) > v[x^) for all x £ Z?^ such that Xi < fi. 
We let fi>0. We say that (P^) holds if ^ and v{x) > u(x^) for aU x £ D^, 
such that Xi < fi. We let 

A min j/i > 0; (P^) holds for ah u £ ^/i, | . (9) 

We claim that A = 0. Indeed we proceed by contradiction and assume that 
A > 0. We then get that Da 7^ and that (Pa) holds. We let w{x) := v{x) - v{xx) 
for all X £ D\ n {x„ < A}. Since (Pa) holds, we have that w{x) > for all 
X £ D\ n {xi < A}. With the equation © of w and (Pa), we get that 

v(xf-^ v{xxf*-^ 



Aw 



\n{x + \x\'^ei)\'' |7r(a:;A + |.TApei 



> v{xx) 



2* 



1 1 



|7r(a:: + |a;pei)|^ |7r(xA + I^Ape'i)!'' 

for all X £ D\ D {xi < A}. Since 2 < i < fc, we get that the RHS is positive (see 
[T^). and then Aw{x) > for all x £ D\ n [xi < A}. It then follows from Hopf's 
Lemma and the strong comparison principle that 

Ow 

w > in DxD {xi < A} and — — < on P»a n {x.^ = A}. 

The contradiction then follows from standard arguments, we refer to |12[ [T5| for 
details. This yields A = 0. 

Here goes the final argument. Since A = 0, it follows from the definition Q 
of A that v{x) > v{xi, —Xi, ...,Xn) for all x £ D such that Xi < 0. With 
the same technique, we get the reverse inequality, and then, we get that v{x) — 
v{xi, —Xi, ...,Xn) for all x = {x',Xn) G D. In other words, v is symmetric with 
respect to the hyperplane {xi — 0}. The same analysis holds for any hyperplane 
containing Spanjel, Ck+i, e7i}. Coming back to the initial function u, this proves 
ProDOsition ll . II and the symmetry property. 

The object of the following proposition is to deal with case (A) of Theorem I 1 . 1 1 that 
is when P^ n ^ 0. 

Proposition 2.1. Let fl be a smooth bounded domain o/M", n >3. Let V C M" 

be a linear vector subspace o/M", where 2 < dimjgV < n — 1. Let s £ (0,2) and 
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assume that flO 7^ 0, then fis^vi^) — l^s,v{W^) and the infimum fj.s,v{^) is not 
achieved. 

Proof: Fix xq e C] and let J > such that Bs{xo) C ft. Let a > and 
u e Cf^(M") \ {0} such that 



(/r 



■ dx 



For e > 0, we let Ue{x) — e "2 u for all a: G fi. As easily checked, 6 

C^in) for e > small and 



(f ±h]^dx]"* (f dx]"* 



<Ai,,p(R")+a. 



Here, we have used that xq G , that is 7r(a;o) = 0. Coming back to the definition 
© of iJ,s,v{^) letting a ^ and using lO, we get that iJ,s,v{^) = Ms,-p(K"). 
We claim that fis.vi^) is not achieved. Indeed, assuming it is achieved by a 
function u E Hi q{Q) \ {0}, we can assume without loss that m > 0. Since 
fj,s,v{^) = t^s,v{^"), we get that iis.vi^") ^^^o attained by u which then veri- 
fies Am = I'^^^.^i^ in ©'(M"). Since u > 0, it follows from the regularity results of 
section and the maximum principle that u > on \V, a, contradiction since 

u e Hloin). □ 

The case where P-^ n = is dealt with in the following proposition. 

Proposition 2.2. Let CI be a smooth bounded domain o/R", n > 3, and let V be 

a linear vector subspace 0/ R" such that 2 < dim^V < n — 1. Assume s G (0,2) 
and that n = 0, then the infimum ^s,v{^) is attained. 

Proof: Since nTi ^ ^, there exists c, C > such that c < |7r(x)| < C for aU 
X S il. In particular, since 2* < we have compactness of the embedding of 

H1q{Vl) in (Vl, |7r(a:)|~'*) and therefore the existence of minimizers. This ends 
the proof of the Proposition. □ 

3. Blow-up analysis, Part I 

Throughout this section, we let 17 be a smooth bounded domain of R", n > 3, 
and 7-" be a linear vector subspace of M" such that 2 < dimjuT' < n — 1. Let s G (0, 2) 
and assume that 

r\n = ^ andv^ r\dn^ 0. (lo) 

Here and in the sequel, we let tt be the orthogonal projection on V. This is the 
most intricate case and to which the rest of the paper is essentially devoted. 

Proposition 3.1. Let be a smooth bounded domain o/R", n > 3, and let V be 

a linear vector subspace of , such that 2 < dim^V < n — 1. Let s G (0,2) and 
assume that n f7 = andV^f^d^l^ 0, then ^is,vi^) < Ms,-p(K" ). 

Proof: Let xq e n dn. Since -p-^ n f7 = 0, we have that 

C T,,dn, (11) 
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where Tx„dfl is the hnear tangent space at xo of the smooth manifold dfl. It foUows 
from that (Tx^dil)-^ C P. We choose a direct orthonormal basis (ei, ...,e„) of 
M" such that 

6*1 = fixg is the normal outward vector at xq of 5f2 

(ei, efe) is an orthonormal basis of P (12) 

(cfc+i, ...,e„) is an orthonormal basis of P^. 

Here and in what follows, k — dimjjP, so that 2 < k < n — 1. In particular, 
(e2, •■■,e„) is an orthonormal basis of T^gdil. For the rest of this section, we shall 
be refering to this particular basis. In particular, we adopt the following notation: 
we write any element x G M" as a; = (xi, y, z), with xi G M, y G span(e2, ek) and 
z e span(efc+i, e„) P-^. 

Since 9f2 is smooth, there exist U,V open subsets of R", such that G [/ and 
Xq e V, there exists (p G C°°(C/,y) and ipo G C'°°(C/') (where U' = {{y,z)/ 3xi G 
M s.t. {xi,y,z) G [/}) such that 

i) ip : U V is a C°° — diffeomorphism 

m) (/7(0) = Xq 

m) (/?([/ n {xi < 0}) = (/?([/) n f7 and (/3(L/ n {xi = 0}) = (^([/) n (13) 

i-y) <y9o(0) = and V<y9o(0) = 

v) ip{xi,y,z) = (xi +ipQ{y,z),y,z) + xo for aU (a;i,?;,z) G U 

where Dxipo denotes the differential of (po at x. Let a > and u G C^{M."l) \ {0} 
such that 

</i,,p(M'!) + a. 



( 



Define u^{x) = e "2^ u -M^ for all a; G J7 and all e > 0. As easily checked, for 
e > small enough, we have that G C'^{Vl). Standard computations yield that 

Ai.,p(r!) < = + 0(1) < /i,,p(Ml) + a + 0(1) 



\^Jo ""^y \JWl |7r( 



■ da; 



where limj^o o{\) — 0. Letting e ^ and a ^ 0, we get the claimed result. □ 

In order to construct minimizers for /is,-p(r2), we consider a subcritical minimization 
problem for which we have compactness. The proof of this result is standard and 
we refer to ^21 for details. 

Proposition 3.2. Let CI be a smooth bounded domain o/R", n > 3, and let P be 

a linear vector subspace 0/ R" such that 2 < dim^P < n — I. Let s G (0,2) and 
assume that 1) j^] holds, then for any e G (0, 2* — 2), the infimum 
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is achieved by a function G i7^o(^)- Moreover, Ue G C°°{il \ V^) and can he 
assumed to satisfy the system 

jj2* -l-E 

Me > m O 



Moreover, we have that lim^^Q ■p{il) — ^s,v{^)i o,n-d there exists uq G -ff^o(^) 
such that, up to a subsequence, ^ uq weakly in Hi Q{fl) when e ^ 0. If uq ^ 0, 
then linie^o = ^^o strongly in H^Qifl) and uq is a minimizer for ^s.vi^)- If^ 
particular, ^s,'p{^) is attained. 

We now start the blow-up analysis for minimizing sequences. Actually, we con- 
sider a more general case. Here and in the sequel, we let Pc G [0, 2* — 2) such 
that 

lim pe ~ 0. 

£ — 

We assume that (|1U|I holds. We consider a family (ae)e>o G C^(ri) such that there 
exists A, C > such that 

llaellcim) ^ and j {\V ip\'^ + a^ip^) dx > X j ip^ dx (14) 
Jn Jn 

for all e — > and all f G C^(fi). For any e > 0, we consider G Hf ^{Q) n C^(H\ 
V'^) a solution to the system 

f Au, + a,u, = in V'iSl) ^^^^ 

I > in SI 

We assume that is of minimal energy type, that is 

^-^^—-dx^^isA^)~+o{l) (16) 

where limj^o o(l) = 0. We also assume that blow-up occurs, that is 

^ (17) 

weakly in H^Q^fl) when e — > 0. Such a family arises naturally when = in 
Proposition 13. 21 It follows from Proposition 17 . II of the Appendix that G C"(ri). 
We let G and fj,^,k^ > such that 

max Me — Ue{xe) — He ^ and kc = fie ^ ^ ■ (18) 

Our goal in this section is to prove the following: 

Proposition 3.3. Under the above assumption, there exists xq G V^HdH,, a chart 
ip as in ^ .')]) . there exists (zc)c>o G 9M": such that lime^o Ze = and such that the 
function 

Tl-2 

V^{x) := /ie ^ Uf O (^(Ze -f k^x) 

defined for x G ^^^'^ and e > verifies that there exists v G f^(R"i) \ {0} such 
that for any 7] G C^{W), r]Ve r]v m i?i o(R") weakly in P'(R!!) when e ^ 0. 
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The function v verifies that 



an- 



Av = , , in 2?'(R") 
d /ju„ iVwpdcc = ij,s,r{^)^ = Hs^vi^l)^- In addition, v G C^{W) and 



Moreover, 



\imv, = vmCl^^{Wl). (19) 



lim = 1. 



Proof: The proof goes in five steps. 
Step|3jl: We claim that 

= o(l) and Tr{x,) = 0{k,) (20) 

when e — > 0. 

Indeed assume that hm^^o Me 0; then up to a subsequence, there exists C > 
such that |Me(a;)| < C for all a; £ $7 and all e > 0. Mimicking the proof of the 
Appendix, we get that there exists C > such that < C. Since |[T7|) 

holds, it follows from Ascoli's theorem that, up to a subsequence, lime^o Ue = in 
C"(ri). A contradiction with This proves that lim^^o — 0. 

To prove the second part of the claim assume that 

lim L±lll = +00. 21) 

For any e > 0, set 

= \Tr{x,)\iu,ix,f-^^ = |7r(x,)|tfcf^. (22) 
It follows from the definition of jS^ and (|^ that 

lim (3, = 0, hm f = +oo and hm f , = (23) 



when e ^ 0. 

Case\^l.l: Assume first there exists p > such that '^(^^■^^■') > 2p for all e > 0. 
For X e B2p{0) and e > 0, define 

We(a;e + /3ca;) 
^'^(a;) := . 

Ue(Xe) 

This is well defined since x^ + P^x G for all x e -B2p(0). As easily checked, with 
(|15|l . we have that 



weakly in B2p{0)- Since < Ve{x) < Wc(0) = 1 for all x S -Bp(O), it follows from 
standard elliptic theory and (|^ that there exists v G C^(i32p(0)) such that Ve ^ v 
in C/Q^(i32p(0)) as e ^ 0. In particular, 

t;(0) = limw,(0) = 1 (24) 

e— »0 
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With a change of variables and the definition (|22|1 of (5^ , we get that 

,2* -p. 



■ dx 



dx. 



■ dx 



'''' J^ + VT^Ax) 

\TTix^)\ \tt(x^)\ V ^ 

Using (|16|l . I|23() and passing to the hmit e ^ (note that /i^^ > 1 for e > small), 
we get that Jg ^^.^ v'^ dx — 0, and then i> = 0. This contradicts H24f) and therefore 
(|21|l does not hold, which proves the claim in Case 3.1.1. 

Case\^1.2: Now assume that, up to a subsequence, lime_^o '^^^y^^^ = 0. We then 
get a contradiction by a rescaling of as in • The proof uses the techniques of 
Case 13 1.1 and is rather similar to ^2] to which we refer for the details. 

In both cases, we have obtained a contradiction and Step 3.1 is established. □ 

Step|2j2: Up to a subsequence, we claim that xq defined as 

Xq = lim Xf^ (25) 

e— ►0 

belongs to P^ndQ. 

Indeed, it follows from H2()(l and H18|l that Tr(xo) = 0, that is xq G P^. Since 
Xq G n, it follows from that Xq e V-^ D d^l. 

Since (|l()|l holds, we have that Hll|l holds. We choose a basis as in l|12(l and we choose 
a chart ip as in (|13|) . In particular, here again, we let k = dimuP G {2, n — 1}. 

Step|3j3: Setting 

Xe = (^(xi,e,?/e,Ze), (26) 

where < 0, j/e G span(e2, e^) and G span(efe+i, e„) = "P^, we claim 
that 

d{x,,dn) = (1 + o(l))|a;i,,| = 0(fc,), zje - 0{K) and ^o(0, z,) ^ 0(fc,), (27) 
when e ^ 0. Here fo is as in (|13l) . 
Proof of the claim: our first remark is that 

d(a;,,917) = 0(/c,) (28) 

when e ^ 0. Indeed, since T'-^ n = 0, we have that - t:{x^) e P-^ e M" \ fl. 
Since G il, there exists G (0, 1) such that t^x^ + (1 — t^) ■ (x^ — Tr{xe)) G dil. 
Consequently, 

d{x„dn) < \x, - %x, + (1 - Q ■ [x, - tt{x,)))\ = (1 - Q\tt{x,)\ < \Tr{x,)\ = 0{K) 
when e ^ 0. This proves if^ . 

As in ^21) we get that 

diXe,dn)^{l+0{l))\xi,e\ (29) 

when e ^ 0. We write that 
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With ^ and igHI), we then get that 

'PoiVe, z^) = 0(fc,) and = 0{k^) (30) 

when e — > 0. Noting that (po{ye,Ze) = (/Jo(0, ^e) + 0{\ye\) when e ^ 0, we get that 
(^o(0,z,) = 0{k,). These last equahties, ^ and ^ prove (EH). □ 

We let 

Ac = — 7— > 0, 0e = 77 G P and = . (31) 

It follows from and (|^ that there exist Xq > 0, po and 6q eV such that 
lim Ae = Ao, lim 6^ = 6o and lim pe = po- (32) 

We claim that pe > for all e > 0. Indeed, since V-^ fl = 0, there exists S > 
such that for all z G span{e/£+i, e„} fl i?5(0) 

</Jo(0,z)<0. (33) 

The definition H31() of yields that Pe > for all e > 0. Note that it follows from 
that there exists C > such that 

d{x,dn) <C\tt{x)\ (34) 

for all X ^ fl. 

Step |3j4: From now on, we let = (0,0, z^) for all e > where is defined in 
and for any x £ ^J^^' D {xi < 0}, we set 

We o ip{z, + k,x) 
Ve{x) := , (35) 

where (p is defined in (|13|l . It follows from (|31|) that 

i;,(-A„ee,0) = 1. (36) 
As easily checked, for any 77 e C^(M"), we have that rjv^ G i?^o(-'^-) f^i' ^-ll e > 0. 
Step\^4.1: There exists w e i?i,o(lR") such that for any ry G C^f (R"), 

?7Ue ^ rjv 

weakly in i?^Q(M") when e 0. The proof is rather similar to what was done in 
[T^ to which we refer for details. 

Step\^4.2: We claim that hm^^o = w in C/„^(l^), where v ^ 0. 

Indeed, let i? > and for any i, j = 1, n, we let {ge)ij = {di(p(z^-\-k^x),djip{z^+ 
kex)), where (•, •) denotes the Euclidean scalar product on M". We consider as a 
metric on M". We let 

A^. --5:^ (a,, -rf_,.(g,)a,.), 

where gl^ := {g^^)ij are the coordinates of the inverse of the tensor g^ and the 
r?j(Se)'s are the Christoffel symbols of the metric g^. With a change of variable 
and the definition H35|l . equation (|15(l rewrites as 

Ag^Ve + kla^ o ip{z^ + k^x)v^ = — J in V {{xi < 0}) (37) 



7r(y(z,+fcga;)) 
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for all e > 0. It follows from the definition of ip and that there exists 
Cr> such that |7r(v3(ze + Kx))\ > CRh\TT{x)\ for all a; e M" n Br{0). With 
H18|l and H35|) . we get that < < 1. With the method used in the Appendix, 
we get that {v^)g^o converges in C;q^(K"). Since ^ v weakly in _ff^Q(E") when 
k +00, we get that hme_o = v in C/„^(]I^). With and we get that 
w(— Aq, 9q, 0) = 1, and in particular, v ^ and Aq > 0. □ 

StepWi4.3: We claim that Av = -^^^ in and that 

Indeed, by passing to the weak limit e ^ in 1)37(1 . we get that 

= r^- ^ in P'(R" ). 

1^(0;) -(po, 0,0)1^ ^ 

Testing this equality with v G ifjQ(M") and using the optimal Hardy-Sobolev 
inequality (0, we get that 



Wvrdx 



2* -2 

2 



(/r!1 \7Tix)-(po,0, 



0)1= '^^ 



4„ ivupdi 

> = ->fis.vm)- (38) 



■ dx 



Here, we have used that |7r(a:) — (/9o,0,0)| > |7r(a;)| since po > and Xi < for all 
X &Wt. We then obtain that 

iVwpdx > (39) 

Moreover, see for instance we have that /jg„ jVul^dx < ^s.v (K" ) 2*-2 . We 
then get that 

/ iVvl^dx^A^s.pir!)^ =M,.p(R!^)^, 

and that 

lim p, = On = and lim uj' = 1. (40) 
For this last assertion, we refer to ^21- '-' 

Proposition 13.31 now follows from Steps Oil to|3l4. □ 

We shall also need the following two claims for the next section 

Step|3j5: Under the hypothesis of Proposition we have that 

r u'^*~P' 
lim lim / , dx = 0. (41) 

We omit the proof which is quite similar to |12|. 
Step|3l6: We also claim that 

limw, = OinCL(II\{xo}). (42) 

e— >0 
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Indeed, for (5 > 0, it follows from (|^ that 



lim / , .'^''^ dx = 0. 



Using the techniques in the Appendix of ^] , we get that 

lim ||Me||LP(0\Si(a;o)) = 

for all p > 1, and the method developed in this paper's Appendix, we get (|42|l . □ 

4. Blow-up analysis. Part II 
This section is devoted to the proof of the following strong pointwise estimate. 

Proposition 4.1. Let Q be a smooth bounded domain of M", n > 3 and let V 

be a linear vector subspace of such that 2 < dimmV < n — I. Let s G (0,2) 
and assume that holds. For {pe)e>o in [0,2"* — 2) such that limc^oPe = and 
(ae)e>o as in we consider (ue)e>o S H^oi^) H C^(il \ P^) such that m5\) . 

i|_?6|) and ^IT}) hold. We letxQ, ip, and (zc)e>o as in Provosition \S.Si Then, 

there exists C > such that 

u,i,)<c + c — ^^dix,dn) 

and 

\Vu,{x)\<Cdix,dn) + C (44) 

(/i? + |x-</7(z,)|2) = 

for all e > and all x G fl. 

Proof: We take inspiration in 8 . We proceed in five steps. 
Step 131 1: We claim that there exists C > such that 

\7t{x)\'^u,{x)^-^ <C (45) 

for all e > and all x £ f2. 

Indeed if not, we let G^ such that 

7r(ye)|'^Ue(i/e)^^2*^ = sup \t:{x)\^ u^(xY^ +0O (46) 



as e ^ 0. We then let 



i^e ■■= u^iVe) ""^ and 4 := i^l ' (47) 



for all e > 0. It follows from and igTJ) that 
lim i 

and from CHJ) and gOJ that 



lim v.^Q and lim = +00, (48) 



limt'P^=l. (49) 

We also let 

7, := |7r(?/,)|4|Me(ye)|^"^^, (50) 



for all e > 0. It follows from |(3H1) that 



lim —J^^ = 0. (51) 
e^o |7r(y,)l 
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Case^l.l: We assume first that, up to a subsequence, there exists p > such that 

d{ye,dn) 



> 3p 

for aU e > 0. For any x G i?2p(0) and any e > 0, we let 

71-2 

Note that is well defined thanks to itS^ . With and ifSUIl . we get that 

Tl-2 



(52) 
(53) 



+ 



-7r(a;) 



We(x)^ < 1. 



In particular, with 1)51(1 . there exists Cq > such that 

< We{x) < Co 
for aU X e i?2p(0) and aU e > 0. With (^Sj, we get that 



(54) 



for all X G i?2p(0) and all e > 0. Since ((48(1 and 1(54(1 hold, it follows from standard 
elliptic theory that there exists w S C^{B2p{0)) such that w(0) = 1 and 

(55) 



lim We 



w 



(56) 



in Clg^{B2p{Q))- Mimicking what was done in Step|2|l, we get a contradiction. 
Case^l.2: We assume that 

lim^^(^=0. 

As in StepOl, we get a contradiction. We refer to ^2] for proof in a similar context. 
In both cases, we have contradicted ((46() . This proves ((45(1 . □ 
Step|lj2: This step is a slight improvement of l(45() . We claim that 

(57) 



lim lim sup |7r(a;)|"2 u^ixY ^ 0. 

R^+co e^O ^fzn\BRk^ (viz,)) 



The proof is similar to Step0]l and uses the techniques developed in [^. We refer 
to Step^l and [12] for the details. 

Step|3l3: We claim that for any v e (0, 1) and any R > 0, there exists C(z^, R) > 
such that 

f -iy(n-l) 



Ueix) < C(V,R) 



'd{x,dny 



,(Ai? + \X- ip{Ze)\'^)' 



d{x,dny 



(58) 



for all X e f2 and all e > 0. 

Indeed, let G be the Green's function for A in with Dirichlet boundary con- 
dition, and set He(x) = —dfiG{x^ip(zf)) for all a: G \ {(^(ze)}, where here n 
denotes the outward normal vector at 957. It follows from Theorem 9.2 of ^2] that 
H, e C^{Si\{ip{z,)}), that 

AH, = (59) 
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in and that there exist Si,Ci > such that 



di.,8n) ^^^^^^^c.dj.dn) ^^^^ 



Ci\x - ip{z,)\^' - ' ' - \x-ip{z,)\" 

and -using that 



\VHJx)\ 11 

> T^riTZTT^ > T^lZTZXr (61) 



H,{x) - C[dix,dn) - Ci|7r(x)| 

for all a; e 51 n -6251 (0). Let Ai > be the first eigenvalue of A on fl, and let 
ip e C'^{^l) be "the first eigenfunction" in such a way that 

Alp = Xiip in f2 
^p > infl 
tjj — on dH,. 

It follows from standard elliptic theory, Hopf 's maximum principle and again H34|) 
that there exists 02,62 > such that 

^d{x, an) < V^(x) < C2d{x, on) and > J > (62) 

C2 C2a(x,oil) C2\tt(x)\ 

for all X e n B2S2{'p{ze))- We now consider the operator 

L, = A 



S'iep^S'. We claim that there exist (5o > and i?o > such that for any 1/ £ (0, 1) 
and any R > Rq, S & {0, So) , we have that 

L.H}-" > 0, and L.^P^-" > (63) 

for all X G n Bs{^p{z^)) \ B jik^fizc)) and for all e > sufficiently small. 
Indeed, with (|5i^ . we get that 

for all a; e J7 and all e > 0. We let a > 0. It follows from (|57|l that there exists 
i?o > such that for any R > Rq, we have that 

\7rix)f-'\u,{x)f-^-P^ < a 

for all X G (Bsi^piz^)) \ ~BRkXv{zt))) H VL and aU e > small enough. With (fT^ . 
I|64|l and (|51|) . we get that for a > and (5 > small enough, we have that 

LeHl-\ Kl-i^)-aC?~Ci^Kx)P|ae(x)| 

for all X G (i35((^(ze)) \ B HkAvi^e))) ^ ^ and all e > small enough. The proof of 
the second inequality of goes the same way. 

Step^3.2: It follows from in Proposition l3.3l that there exists Ci{R) > such 
that 

Ueix) < Ci{R)n~'^d{x,dn) 
for all a; G f2 n dBukSvi^c)) and all e > 0. In particular, there exists C{R) > 
such that 

ue{x) < C{R)fiI'"^"'^'^H^-''ix) (65) 
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for all X G 17 n dBuk^ {fi^e)) ^^'i ^ill e > 0. 

It follows from (|42|) there exists Ci{S) > such that 

u,{x) <Ci{S)d{x,dn) (66) 

for all a; e n dBs{(f{Zf)) and all e > 0. In particular, there exists C{5) > such 
that Ueix) < C{S)il;{x)^-'' for aU x G n dBs(ip{z,)) and all e > 0. We let 

D,,R,5 {Bs{^{z,))\BRkAv{z,))) r\n. 

It follows from and that 

u,{x) < C{R)iir"^''-^^Hl-''{x) + C{5)xl;{xf-'' (67) 
for all e > and all x e dD^ ^ s- 

Step^S.S: We claim that is coercive and therefore verifies the comparison prin- 
ciple on DeM,5- 

Indeed, with H41|l . we get that for any a > 0, there exists i?o > such that for 
any R > Rq, we have that 

I , dx < a. 

Since A + is uniformly coercive, we get that is coercive on £7 \ Buk, {^(ze)) 
for R large enough. We refer to Lemma 3.4 of 20 for details on this assertion. 

Step\^3.4: Since 

L,iCiR)fiI'"^"'^^H^-'{x) + CiS)^P{x)^-'') > = L,u, 

in D^^R^s and holds, we get from Step ^3.3 that 

u,{x) < C{R)fiI~''^"~^^Hl-''{x)+C{S)^{xy-'' 

for all X e D^^R^s- With and we then get that (|SH1) holds on DeM,s = 

{Bs[(p{zc)) \ BRk,{f{Z())) n for i? large and 5 small. It follows from this last 
assertion, (fT5|l in Proposition 13 . 31 and (|^ that lf55|) holds on O. □ 

Step |1J4: We claim that there exists C > such that 

u,{x) < cdix, an) + c— 4^^^^^^^ (68) 

for all X G i7 and all e > 0. 

Indeed, it follows from (|19() in Proposition 13.31 and 1421) that for any S,R> 0, 
inequality ^ holds for aU x e ^^((^(z,))) U (f7 n B/?^, ((^(z,))) for aU e > 0. 
What is left is to prove (|68|l for any sequence (t/e)e>o G ft such that 

lim = xn and hm = +oo. 69) 

We show that holds for x — y^. With Green's representation formula, we get 
that 



Jn F(2/)r 
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where Ge is the Green's function for the uniformly coercive operator A + ae- For 
€ (0, 1), we use and (jSH) to get that 

u,{y,) < C G,{y,,y)^ '—— dy 

Jn invn 



< hA+Ie,2+Ie,3 (70) 



where 



4i= / Ge(2/„y)|7r(y)|(i-"^)(2*-i-p,)-.^j^^ 



dy, 



and 



for aU e > 0, where 

Dea — 1 - 2/1 > ^l^e - 1 and 15^,3 := | Ive - 2/1 < ^l2/e - (/jCzc)! 



We first deal with I^ i. The Green's function verifies 

<((!,„ 8SI) 



for all y G ri \ {y^} and all e > 0. We refer to ^31 for the proof of this assertion. 
Since s e (0, 2) and ifiiz^) G dil, we then get that 

Ie,i < Cd{y,,dn) / — < Cd{y,,dn) (71) 

Jn \ye~yr~^ 

for aU e > 0. 

For /e^2, we note that the Green's function verifies 

a(2/.2/)<C ^(^-,^")-^(f„'^"^ (72) 
l2/£ - 2/1 

for all y G r2 \ {ye} and all e > 0. We again refer to TT for the proof of this 
assertion. We then get with H34|) and a change of variables that 

f %„af^)/.(^"("-^)'^^('*-^-^'^%,af7)(i-'')(2*-i-f^)+i-^ 

< G / j TT^^ dy 

jd,.2 - y\" (/i2 + 1^ _ ^(z,)|2)'V(2*-i-p.) 

d{ye,dn)„i^-^"~'^-^^'*-'-"^ f |y-^(.-,)|(i-'^)(2*-i-f.)+i 



< cn^iimzp ^ / — rizm dy 

lye - ^(^e)|" Jn (^2 + 1^ _ ^(-^)|2)^(2-1-P,) 

d{y„^n)^iI f |^|(i-)(2*-i-P.)+i-« ^^%„9f])/xJ 



< G , /\ / ^-^ < G , . (73) 
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To deal with I^^s, we first note that for any y G I?e,3, we have that 

l\ye - ^ize)\ <\y- fiz,)] <l\ye- ^{Z,)\. (74) 
With inequahty 1)10111 (with 9 = 1) on the Green's function, we then get that 

J/ oo\ (t-("-l)'')(2*-l-PE) J 



\y, - ^(z,)|n(l-.)(2*-l-p.) J^^^ _ y|„-l|^(y)|.-(l-.)(2*-l-p.) ' 

We let 

ye-(p{z^) , (i^o(0,2;e),0,0) 



\ye-^{Ze)\ \ye-ipiZe)\ 

With (EB, JSOl and we get that there exists 9o G R" such that |6'o| = 1 and 
limc_>o ^£ = ^0- With the change of variables y = y^ + \ye — v{ze)\z and using (|69|l . 
we get that 

< (75) 



- (p(z,)|(»-i)(i-'^)(2*-i-p.)+«-i Ji^Ki |z|"-i|7r(6', + 2)|«-(i->^)(2*-i-P.) 

(t-(n-l)'^)(2*-l-p.) 



(76) 



|?/e - (^(z,)|('^-l)(l-'^)(2*-l-P»)+«-l 

"1^1^,-^(2,)!"; 

when e 0. Plugging (|71|) . H73|) and H76|) in (|70|l and using again (|69f) . we get that 

(Ai^ + ly. -(^(Ze)P) = 

when e ^ 0. This ends the proof of (|68l) . 

Step|4l5: We claim that there exists C > such that 

\Vu,{x)\ <C + C (77) 
(/i2 + |a;-</j(z,)|2)2 

for all X e J7. 

To prove the claim, as in Step 014, we just need to consider {ye)e>o S as in 
(I69|l . We use Green's representation formula to write 

Vu,{y,) = / V.G.(y„y)^f^--— dy. 

With (EHJ, we get that 

|VW,(2/,)1 < J,,i + Je,2 + Je,3, (78) 

where 

Je.i = C V^G,{y,,y) ^^' / . dy, 

Jo F(y)l 

Je2=c / iv.a(,.,,)i 

^'^ 4.-,l>i|,.-,(..)l ' ^^'^''^'|7r(y)KM? + |y-^(z-.)P)-(^ -^-'''^ 
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and 

To estimate J^^i, use that the Green's function satisfies 

\y.G{y,,y)\<-. (79) 

for aU y G il \ {y^} and all e > 0. We refer to TS' for the proof of this inequality. 
With (EH), we then get that 

dy 

In |2/. -y|"-'k(2/)l 



^-■^^^/ -...-i|.r:^,-(.^-i-P.) ^^ (80) 



For Jc^2j we use that (see J3]) 

|V.G(,.,,)|<^^^ 

for all ?/ G J7 \ {?/c} and all e > 0. Plugging this inequality in J^^2 and performing 
computations similar to what was done in the proof of (j73|l . we get that 

J.,2 < C ^ ^ (81) 

To deal finally with J^^s, we again use estimate (|79ll on the Green's function com- 
bined with the same techniques as in the proof of 17t)|l . to obtain 

J. 3 < C ^ (82) 

Plugging ^ and ^ in we get ^ and Proposition O □ 

5. POHOZAEV IDENTITY AND PROOF OF THEOREM II. II 

We first prove the following 

Proposition 5.1. Let be a smooth bounded domain o/R", n > 3 and let V be a 

linear vector subspace o/R" such that 2 < dim^V <n — 1. Assume that s € (0, 2) 
and that 1^1U\) holds. For (pe)e>o G [0,2* — 2) and (ae)e>o as in \14-^ , we consider 
{u^)e>o e Hlg{n) nC^inXV^) such that and {J^i hold. Then there 

exist xq G dfl r\V^ , 70 > and a family {ii^)c>o G IR+ such that limj^o A'e = '"^'^ 

1™- = |^^Ms,p(R'!)-5^ f f}.^^^^^^^).^^ |v^;pdx, (83) 

where IIxq the second fundamental form of dCl at xq. 

Sections Ell to 03 below are devoted to the proof of Proposition 15.11 while 
Theorem 11.11 and Corollarv ll.il are proved in Step|2l4. 

Step |5jl: We establish a Pohozaev-type identity for u^. In the sequel, we let 
(zc)e>o, (^c)c>o, (fce)e>o and Xq S Ci Oil as in Proposition l4.1l We also consider 
the chart (p defined in ((T^ . We let 
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In particular, 

dv, = ^{Wi n dB^s^e)) u v{B^Sze) n sri) = u 

In the sequel, we denote by v(x) the outward normal vector at a; £ dVf, of the 
oriented hypersurface dVe (this is defined outside a null measure set). Let io G ffi". 
After integrations by parts (for instance, we refer to we get that 

dx — s -. — , , , , „ ■ ax 



2 2* -pj Jyjn{x)\' Jy. k(a;)|^+2 2* - p. 

{x-xoydiae\ 2 



+ / I H I u, dx 



— —u^dyu^ + {x- xo, v) — ^ (a; - x^) diU^duUe 



2*-p^ \'k{x)\'' 2 
for all e > 0. Since = on dO,, taking xq = ip{Zf) in (|84|l . we get that 

n-2 n~s\ f uT-P' f {ip{z,), Tr{x)) u^-P' 

dx — s — ; — --- — — — • dx 



Of 



2* ~pj JvJHx)]' "Jv, |7r(a;)|^+2 2* - p, 

{x - (p{Ze)Ydiae 1 2 



2 



' dx 



V} 



" ^ "^ U^d^U^ + {X- (p{Ze), v) ^^^^^ 



-{x - ^{z,)yd.u,d.u, - J^J^ ■ + l^^u? ) da 



{x-ip{z^),iy)\Vu,\''da. (85) 
y2 



With (113, (EU, El and Proposition O we get that 

<" - ^)%.,,k;) A + „(!)) p, + . / mm ■ 



= i/ (a;-(^(z,),z/)|VueprffT + o(/i,). (86) 

Step|Sl2: We deal with the RHS of (|86ll . With a change of variable, we get that 
{x-ip{z,),i^)\\/u,fda= (87) 

'P(Syjr7(z.)naK'!) 

(1 + 0(l))A.e (^^^(!i±^M^^^ ^ o ^(,-^ + fc^^)^ I V^;^^ ^\dx 

where the metric is such that {ge)ij — {di^p, djip){zi^ + k^x) for all «,j — 2, 
is as in Proposition 13 . 31 and 

= B^iQ) n {xi = 0}. 
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Using the expression of (see ifT^^ l we get (see ^JE] for details) that 



1 + 0(1) 

k3 



•^0 



-, J/ o ip{z^ + kfx) 



1 " 



(88) 



for e > and x £ D^. In this expression, lim^^o Oe^l) = uniformly in D^. 
Plugging (p^ into (p?7jl . using the estimate (|^ . Lebesgue's convergence theorem 
and H19(l . we get that 



lim — 

<^-*0 Me ■/^(B /jj^(z,)naR!!) 



(x — ^{Ze): v)\Vue\'^ da ■ 



^^J(po{0)x'x^Vv\'^ dx. 

(89) 



Step[5l3: We deal with the second term of the LHS of (|86|l . With the pointwise 
estimate (|43|l and a change of variables, we get that 



((/?(ze),7r(a;)) u 



dx 



|7r(a;)|'^+2 2* ~ 

l + o(l) [ (tT O (^(Ze), TT O (^(fg + /CgX)) 



s+2 



2* -P. 



when e — > 0, where 



D^ = B^VM7(o)n{xi<o}. 



With the explicit expression of ip (see and noting x = (xi, y, z) as in H13|l . we 
get that 



((^(ze),7r(x)) u; 



7r(x)|"+2 2*-p, 

</'o(0, Ze) 



dx 



(l + o(l)) 



^ I yo(fc,y,z,+/ctz)) 



D' 



s+2 



■ dx 



when e ^ 0. With point (iii) of the estimate H43(l and Lebesgue's convergence 
theorem, we get that 



(y(zj,^(x)) uT"P^ 
|7r(x)|"+2 2*-p, 



(^o(0, 



dx 



XlW 



2*|7r(x)|^+2 



dx + o(l) 



(90) 
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where linie^o o(l) = 0. Plugging and into and noting that (po(0, Ze) < 
(see (jSSl), we get that 



= ajj(^o(0)x'a;^|Vupdx + o(l) ) -/x, (91) 

where hme_^o o(l) = 0. In particular, we get that |i^o(0, z^)\ = 0{^1) when e ^ 0. 
We let 

¥'o(0, Ze) 
70 = - lim 5 > 0. 

With (|nU, we get that 



lim ^)' ;,^y(R»)i^gi 

e^0 4(n-s)'^ /^e 



Taking afg = ei in (|84|) , using a change of variable and the arguments used to prove 
(pHl . we get that 

s f \xi\v'^ , If ,„ ,9 , 

' ' ' dx = - \Vv\^dx. (92) 



2* 7r„ |7r(a;)|«+2 2 
We consider the second fondamcntal form associated to dH., namely 

IIp{x,y) = {dvpx.y) 

for all p G do, and all x,y d T^gd^l (recall that v is the outward normal vector at 
the hypersurface dfl). In the basis (ei, e„), the matrix of the bilinear form Il^g 
is —DqLPo, where Dgipo is the Hessian matrix of (po at 0. With this remark, H91|) 
and H92|) . we get that 

hm^^ - ^(!i_f)^,^^(R'l)-t^ / (ln,^x^,x)-~^,) \wv\'dx, 



e^o/i, (n-2)2-^''^^ V2 
where 70 > 0. This ends the proof of Proposition l5.ll 

Step |5l4: We are now in position to prove Thcorem ll.il Points (A) and (B) of 
Theorem II .11 are direct consequences of Propositions 12 . II and 12 . 21 

To establish Part (C) of Theorem ll.il assume that pU|l holds and let us suppose 
that there are no extremals for ©. It follows from Proposition l3 . 21 that there exists 
(^'■e)e>o G -^1 o(^) such that p5|l and (|16|l hold with — e and = 0. Since 
there are no extremals, it follows from Proposition 13 . 21 that (|17|) holds. We apply 
Proposition 15 . II and we get that 



where xq G fl and 70 > 0. We then get that 

/ /47x,x)|Vupda; > (93) 
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Assume that we are in the first case of point (C) of Thcorem ll.il We then get that 
IIxo{x,x) < for aU x G but IIxo{x,x) ^ 0. A contradiction with Ip^ . 

To relate our main result to conditions on the mean curvature, we now assume that 
VnTxdil and V'^ are orthogonal for the bilinear form Ilxg , we get in the coordinates 
(C21l and the chart (221 that {IIxo)ij = when i e {2, k} and j e {k + 1, n}. In 
particular, we have with ^9'^\i that 

I V(/4J,, / xV|Vz;|2da; I + ( V (//,J,, / x'x^\Vv\^ dx] > 0. 

(94) 

The matrix of the second fundamental form of dft n (P^ + {Txodfl)-^) at xq with 
respect to a given vector X is ( {IIxo ) — ~ {dij^[){^)X'^) ■ , i • Since 

V / i,j>k+l 't:]^k+L 

V(/3o(0) — and (/3o(0, z) < for z close to 0, we get that for any direction X, the 
principal curvatures of dH. D [V^ + {TxadVL)^) at xo have a sign. If the mean 
curvature vector of dVt n {V^ + (T^jj^af^)-^) at a;o is assumed to be null, it then 
follows that the second fundamental form of dVt fl {P^ + {Txad^)^) at xq is null, 
and we get then from H94(l that 

V {Ilxoh I x'x'\Vv\'' dx > 0. (95) 

Here, v e q{W1) is positive, verifies At; — \'Tr(x)\= "^^akly and that v{x) < 
C(l + |a:;p)~" for aU a; G M" (this last statement is a consequence of ifT^ and ij^ V 
It follows from Proposition ll.ll that there exists v such that v{xi,y, z) = v{xi, \y\,z). 
With this symmetry property, we get with that Y^\^i{IIxo)ii > 0, and then the 
mean curvature at xq of 90 is nonnegative. A contradiction with the assumption 
(2) of case (C) of Theorem ll.il This ends the proof of the Theorem. 

Concerning Corollarv ll.il the subcritical problem yields families of positive solu- 
tions to ((T31) and with = a and Pe = e. The proof of the result then goes as 
in the Proof of Thcorcm ll.il 

6. Proof of Proposition 11.21 

We let rt and V as in Proposition II. 21 In particular dimR'P = 1. The proof of 
case (B) of Proposition ll.2l goes exactly as the proof of Proposition l2.2l Concerning 
case (C), we claim that /i^ ^(rj) — when s G [1,2). Indeed, taking u G C^{fl) such 

that u{xo) — 1, where xq G V-^ fl Q, it is easily checked that J^^ |^"^^|^ dx = +oo, 
and then fj,s,v{^) = is not achieved. When s G (0, 1) in case (A), the proof of 
non- achievement goes as the proof of Proposition l2.1l 

We are left with case (C) of PropositionO that is T'-L n f2 = and P-^ndQ^ 0. 
Up to a change of coordinates, we assume that ^ {xi ^ 0}, n C Wl and 
G V'^ n dfl and |7r(a:) = \xi\. In particular, it follows from the Sobolev inequality 
and the Hardy inequality that 
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Since fl C M", we get that fis.vi^) ^ With arguments similar to the 

proof of Proposition 13.11 we also get the reverse inequality, and then /is.-p(f2) = 
/is^-p(M"). In particular, an extremal for fis_-p{fl) is an extremal for /is^-p(M" ) and 
vice- versa. As in the proof of Proposition 12.11 the maximum principle yields a 
contradiction. 

7. Appendix: Regularity of weak solutions 
In this appendix, we prove the following regularity result: 

Proposition 7.1. Let ft be a smooth bounded domain o/M", n > 3. Let V C M" 

he a k— dimensional linear subspace o/R", where 2 < k < n — I. We assume that 

r-^ r\n^9 andv-^ ndn^ 0. 

We let s e (0,2) and a G C°'"(n), where a £ (0, 1). We let e £ [0,2* - 2) and 
consider u G _ff^g(r2) a weak solution of 

Au + au = ' , m V'{n). (96) 

F(^)r 

Then u G 0^(9) f^C'^^°'{n\V^). 

Proof of Proposition \l~l\ Note that since 2* < -^2^ '^^ follows from standard elliptic 
theory that u G C2'"(n \ p-^). In particular, u G C^'"(17). 

Step Ell: We claim that 

u G LP{9) (97) 

for all p > 1. Indeed, the proof is similar to the case V — M" provided in |12l I18j . 
We omit the proof and refer to ^1 E] for the details. 

In particular, we get that ^"j^^^^ j ^ " G L^(r2) for all 1 < p < |. In the case k — n, 
we take p > ^, and then u G L°^{Q). A bootstrap argument (see also jj^) then 
yields that u G C^{fl). However, in the general case 2 < k < n — 1, such an 
argument using standard elliptic theory does not hold, and we have to use the 
Green's function to prove the proposition. 

Step 132: We let 9 G (0,min{2 - s, 1}). We claim that there exists C > such 
that 

\u{x)\ <Cdix,dnf (98) 

for a.e. x G fi. 

Proof of the claim: We let {r]k)k£ri £ such that < 77^ < 1 for all k and 

r]k{x) = 1 for d{x,dfl) > 2k~^. We let {uk)keN G -^i o(^) such that 



= [ K(x)h " ""j ■ ^^^^ 

Since u G C^{n) and f7 n "P-^ = 0, we get that Uk G C^iQ) for aU fc G N. We let G 
be the Green's function for A with Dirichlct boundary condition. It follows from 
Green's representation formula that 
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for a.e. a; G fi. It follows from Theorem 9.1 of |E| that there exists C > such 
that 

o<g(^^^)<g |,'i',f"L (101) 

for all x^y e Vl, x ^ y. Plugging this inequality in (|100|) and using Holder's 
inequality, we get that 



< Cd{x,dnf\\\u 



2*-l- 



dy 



n |x-y|f(»-2+«)|7r(y)| 



sp 



+cd{x,dnnu\w {I _ Ji^.+o^ Y (102) 

where p, q,p', q' > I are such that | + ^ = ^ + 7 = l- Since 9 e (0, 1) and 
holds, we get that there exists C > such that for p,p' > 1 sufficiently close to 1, 
we have that 

\u{x)\<cd{x,dnf ( f , , '^ii,,, , V +cd{x,dnf 

for all X G ^l. For simplicity, up to a change of coordinates, we write any y G as 
y = {y\ y"), whcrc y' = 7r(y) G K*^ = and y" G M"^'^ = p-^. We let i? > such 
that n C 5^ (0) X B^"''(0) (the product of the baU of radius R in R*-' and the baU 
of radius R in M"^'^). We then get with a change of variable that 

dy 

n \x-y\P(--'-^+'>)\Tr{y)\-P 

. ^ /■ 1 f ( dz" \ , 



/sJi(O) |y'|P-|x'-J/'|P("-2+«)+fc-" 

for all (x',a;") G fi. Here, we have taken p > \ close to 1 and we have used that 
s G (0,2). Plugging this inequality in (|102|l . we get that there exists C > such 
that 

|ufc(a;)| < Cd(x,ai7)^ (103) 
for all X G and all fc G N. Multiplying H99|l by Ufc, integrating over fi, using that 
u G Hlf^{Q), the inequality and H103() . we get that there exists C > such that 
ll'^fcllfff (,(o) ^ foi' fc G N. It then follows that there exists u G H1q{VI) such 
that Uk ^ u weakly in i?^g(r2) when k +oo and limfc_>+oo Uk{x) — u{x) for a.e. 

I I 2* —2 — 6 

a; G r2. The function u verifies At2 = |^^^^|^ au in V'{fl). Since A is coercive, 

it then follows from ^ that w = it. With (flH^ . we then get (jMl)- □ 
Step 133: We claim that there exists C > such that 

\u{x)\<Cd{x,dn) (104) 
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for a.e. x Q ft. 

Proof of the claim: Indeed, we let 9o E (0, 1) such that there exists C > such 
that \u{x)\ < Cd{x,dny°. With we get that there exists C > such that 

\uix)\ < C\tt{x)\'^o for aU x € n. We let £ (0,1). It follows from Green's 
representation formula and Hl()l|l that there exists C > such that 

,|2*-l-e/ 



\ukix)\ 



G{x,y)r]k{y) 



< Cd{x, dflf + C 



U{y)\ 



— au\ dy 



d{x,dnf 



n\x-y 



n-2+0 



|7r(y)|s-eo(2*-l-£) 



dy. 



We proceed as in Step[7|3 and get that \u{x)\ < Cd{x,dQ)^ for some 9 > 6q. The 
claim follows by induction. □ 

Step 134: We claim that u e C^{n). 

Proof of the claim: With inequality 110411 . and the method used in Step|7|2, we get 

that 



and 



lim Uk{x) = / G{x,y) 



lim Vukix) = / 'VxG{x,y) 



"uiy) 



\<y)\' 
k(y)h 



— au I dy 



— au\ dy 



uniformly for x G fl. Since Uk 



u in Hi when k 



-oo, we get that 
□ 
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